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Abstract. Given a collection of test functions, one defines the associated 
Schur-Agler class as the intersection of the contractive multipliers over the 
collection of all positive kernels for which each test function is a contractive 
multiplier. We indicate extensions of this framework to the case where the 
test functions, kernel functions, and Schur-Agler-class functions are allowed 
to be matrix- or operator-valued. We illustrate the general theory with two 
examples: (1) the matrix- valued Schur class over a finitely-connected planar 
domain and (2) the matrix-valued version of the constrained Hardy algebra 
(bounded analytic functions on the unit disk with derivative at the origin 
constrained to have zero value). Emphasis is on examples where the matrix- 
valued version is not obtained as a simple tensoring with of the scalar- 
valued version. 



1. Introduction 

In honor of the work of Issai Schur (see 34 ) , it is common nowadays to refer to 
the class of holomorphic functions s mapping the unit disk H3> into the closed unit 
disk D as the Schur class S. We summarize some of the many characterizations of 
the Schur class in the following theorem. 

Theorem 1.1. For a given s: ID) — > C, the following are equivalent: 

(1) S € S, 

(2) the de Branges-Rovnyak kernel associated with s is a positive kernel on D: 



. . 1 — s(z)s(w) „ ,„ . 

K s {z, w) := - W _ V ' t 0. (1.1) 
1 — zw 

(3) s has a unitary transfer-function realization, i.e., there is a unitary colli- 
gation matrix U = [ ^ £ ] : X ® C — > X (B C so that 

s(z) = D + zC(I-zA)- 1 B. (1.2) 

(4) s satisfies the von Neumann inequality: for any strict contraction operator 
T on a Hilbert space K,, \\s{T)\\ < 1. 

A natural multivariable generalization of the Schur class from this point of view 
is to consider functions s defined on the polydisk H> d (where d is a positive inte- 
ger). It has been known for some time that the von Neumann inequality fails in 



1991 Mathematics Subject Classification. 47A56; 47A48, 47A57, 47B32, 46E22. 

Key words and phrases. Schur-Agler class, test functions, positive kernels, completely positive 
kernels, reproducing kernel Hilbert spaces, transfer-function realization, internal tensor product 
of correspondences, unitary colligation matrix, separation of convex sets, interior point of convex 
hull, finitely connected planar domain, constrained H°°-algebra. 

1 



2 



J. A. BALL AND M.D. GUERRA-HUAMAN 



more than two variables, i.e.: if d > 2 there is a holomorphic function s on D d 
(even a polynomial) with ||s||od < 1 and a commuting d-tuple T — (Ti, . . . ,Td) of 
strict contraction operators on a Hilbert space K, for which the multivariable von 
Neumann inequality 

\\<T)\\ < IMId- (1.3) 
fails. Nevertheless, the subclass of those Schur-class functions over D d for which 
(|1.3|) does hold, now called the Schur-Agler class, does have characterizations anal- 
ogous to those given in Theorem ll.ll for the single- variable case (see [3j[5l[22]). Note 
that the analogue of condition (4) in Theorem 1 1.1 1 is now used as the definition of 
the Schur-Agler class. We then have the following analogue of Theorem ll.il 

Theorem 1.2. Given s: D d — > C. the following are equivalent. 

(1) s e SA d . 

(2) There are positive kernels K%, . . . , Kd on D d so that 

d 

1 - s{z)s{w) = ^(1 - z k Wk)K k {z,w). (1.4) 
fe=i 

(3) There is a unitary colligation matrix U = p] : X (B C —> X ® C and a 
collection {Pi, . . . P d } of orthogonal projections with PiPj = for i j and 
with Ylj=i = Ix so that 

s{z) = D + C{I - Z{z)A)- 1 Z{z)B (1.5) 

where we have set Z(z) = Z\P\ + • • • + z^Pd- 

In the test-function approach to defining generalized Schur-Agler classes, going 
back to the unpublished preprint of Agler [2] and developed further in [6l l27l l29l |41] . 
one proceeds as follows. We here describe the scalar-valued function setting, al- 
though the paper [27] deals with a more general semigroupoid setting. One replaces 
the unit disk D (or unit polydisk D d ) with a completely general point set f2 and 
supposes that one is given a collection of C-valued functions \& on f2 (the set of test 
functions) subject to the condition that sup^g^, |V'( 2: )I < 1 f° r each z G Q. The 
set \t carries with it a natural completely regular topology, namely, the weakest 
topology with respect to which each of the functions 

E(z): ip(z), zefl (1.6) 

is continuous. One then says that a positive kernel k is ^/-admissible (written as 
k G /C*) if multiplication by ip is contractive as an operator on the reproducing 
kernel Hilbert space H(k) associated with k, i.e., if the kernel K^^{z,w) = (1 — 
ip(z)ip(w)k(z, w) is positive for each tp G v f. We then say that the function s : D. — > C 
is in the "f-Schur- Agler class 5.4^ if multiplication by s is contractive on H(k) for 
each k G ICq,, i.e., if the kernel K s ^{z,w) = (1 — s(z)s(w))k(z,w) is a positive 
kernel for each k G /C$. We mention that the choice 

fl = B, * = {V;oW = z} (1.7) 

leads to the classical Schur class while the choice 

n = B d , V = {i> k {z)=z k :k = l,...,d} (1.8) 

(where z = (zi,...,Zd) G ID )d ) leads to the classical Schur-Agler class 5-4^- 

The following is the main result concerning the Schur-Agler class SAy associated 
with a general test- function collection 
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Theorem 1.3. (See [27 , 29 j and [8] for an early version.) Given a function s: Q, — > 
C, the following are equivalent. 

(1) s e SA*. 

(2) There is a measure v on p (the Stone-Cech compactification of \& ) and a 
measurable family {K^ : if> G ^ p} of positive kernels on ^> p so that 

1 - s(z)s(w) = / (l - if>(z)ip(w)) K^{z, w) dv(ijj). (1.9) 

(3) There is a p) -unitary colligation, i.e., a bock unitary operator U = 
\c l>] ■ ^©C- — * X(B<C together with a ^-representation p of the C* -algebra 
C(^>p) (continuous complex-valued functions on ^p) into C(X) (bounded 
linear operators on X ), so that 

s(z) = D + C{I- p(E(z))A)~ 1 p(E(z))B (1.10) 

(where E(z) is as in (|1.6[) ). 

Note that conditions (2) and (3) in Theorem 11.31 become conditions (2) and (3) 
in Theorem 11.11 when f2 and \t are chosen as in (|1.7[) . and conditions (2) and (3) in 
Theorem 11.21 when Q and \& are chosen as in (| 1 . 8[) . 

A different type of extension of the classical Schur class over the unit disk is 
the Schur-class S-jz over a bounded, finitely connected planar domain TZ. Here 
TZ is a bounded domain in the complex plane with boundary consisting of m + 1 
disjoint smooth Jordan curves do, d%, . . . , d m , where do denotes the boundary of the 
unbounded component of the complement of TZ, and we define S-r as the class of all 
holomorphic functions from TZ into the closed disk B~. Work in [27J US] identifies 
the Schur class S-ji over TZ as a test-function Schur-Agler class SA^ K for a certain 
collection of test functions = {-0 X : x £ T K j indexed by the so-called 7?.-torus 
T-r. defined as the Cartesian product of the connected components of dTZ: 

x e T n := do x di x • • • x d m . 

(see Section R~T1 below for complete details). In particular, the decomposition (jl.9[) 
in Theorem ll.3l for this case gives us the following: given s € S-jz, there is a measure 
v on Ttj and a family of positive kernels {fc x : x € T-r,} so that 

l-s(z)7{w)= [ (l - Vx(z)^xM) w) di/(x). (1.11) 

We shall be interested in matrix- and operator- valued versions of these Schur and 
Schur-Agler classes. The operator-valued version of the Schur class over TZ, which 
we denote as S-jz(U, y), consists of holomorphic functions S on TZ with values S(z) 
equal to contraction operators between two Hilbert spaces U and y. For the case 
where TZ = D, we drop the subscript TZ and write simply S(U, y); we also abbreviate 
SniUM) to S-r(U). There is also an operator-valued version of the Schur-Agler 
class over D d , namely: S: 3 d —> C(U,y) is in the Schur-Agler class SAd(U,y) 
if S is a holomorphic map from D d into C(U,y) such that \\S{T)\\ < 1 for any 
commutative tuple T — (T\, . . . ,Td) of strictly contractive operators on a Hilbert 
space JC, where we use a tensor functional calculus to define S(T): 



S(T) — ^2 Sn ® T n if S(z) = £ S n z 
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where we use standard multivariable notation: 

z n = z? 1 • • • z n d d , T n = I* 1 • • • T" d for n = (n u . . . , n d ) G %%. 

Then Theorems ll.ll and ll.2l have seamless extensions to the matrix-/operator- valued 
settings. Indeed, S € S(U,y) if and only if the de Branges-Rovnyak £(3^)-valued 
kernel 

K s (z, w ):= ly - S{Z) ?. H * 
1 — zw 

is a positive kernel on D if and only if there is a unitary colligation matrix U = 
X ®U -> X ®y so that S(z) = D + zC(I - zA)~ 1 B. Similarly, S G 
SAdiU, y) if and only if there are positive £(£)-valued kernels K\, . . . , on D d so 
that I— S(z)S(w)* = — z kWk)Kk(z, w) if and only if S has a representation 

as in (|1.5p but with U acting from X (&U to A" © 3?. We mention that this result 
has inspired several variants where the polydisk H d is replaced by a more general 
domain T>q in C d specified by a polynomial (or more generally analytic) matrix- 
valued determining function Q: Vq = {z G C d : \\Q(z)\\ < 1}; more generally 
the technique of the proof going through the transfer-function realization naturally 
leads to interpolation and commutant lifting versions of the result (see [23 [211 E3 
1251 mil [TBI [5J ) ■ We mention that there is now also a noncommutative version of the 
Schur-Agler class [15] . 

However, for the case Sn(C N ), the expected matrix generalization of (jl.lll) . 
namely 

I - S(z)S(w)* = ( (l-^(z)i^)Kx(z,w)dv(x) (1.12) 

for a measurable family {K x : x G T-r.} of positive N x N matrix- valued kernels on 
7?., fails in general, at least in the case where TZ is a region with three holes having 
some additional symmetry properties; indeed this phenomenon is a key ingredient 
in the negative answer to the spectral set question for such regions TZ obtained by 
Dritschel and McCullough in pg] . 

One of the main motivations for the present paper is to develop a framework 
of test-function Schur-Agler class SAy for the case of matrix- or operator- valued 
test functions ^ and to recover a formula of the type (|1.12|) for the Schur class 
&n(C N ) for an appropriately enlarged class of matrix-valued test functions. 
We therefore develop a systematic extension of the work of [57] [55J to the matrix- 
and operator- valued setting: this is the main content of Section [3] below. We also 
emphasize the interpolation version of the main result, whereby one characterizes 
which functions Sq defined on some subset fio of Q can be extended to a test- 
function Schur- Agler-class function S defined on all of ft. Most of the analysis 
builds on the earlier work of [5] [S] [23 HDJ \M M W\ HPJ , but there are places where 
new ideas and techniques were required. 

In Section [4] we take two algebras which are intrinsically defined and identify 
their unit balls as also arising as test-function Schur-Agler classes. The first has 
already been mentioned: namely, the algebra of bounded holomorphic N xN matrix 
functions over a multiply-connected planar domain TZ whose unit ball is the Schur 
class &k(C n ). The second is the matrix- valued version of the constrained Hardy 
algebra over the unit disk D (bounded holomorphic functions /onB subject to the 
constraint that /'(0) = 0). The first example has been an object of much study 
over the years (see p] [14] [TH [4] (28] [54]) while interest in the second is more recent 
[26] [17] [50] . Motivation for study of the second algebra comes from the fact that 
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it is a model for the bounded analytic functions on the intersection of a variety V 
embedded in C 2 with the unit bidisk (see [7]). For these two examples we identify 
an appropriate class of test functions ^ N so that the unit ball of the given algebra 
is equal to the matrix-valued test-function Schur-Agler class SA^n associated with 
ty N . It is always possible to choose *f? N simply as the unit ball of the given algebra; 
the point is to find a valid class 1 $ N which is as small as possible. As has already 
been mentioned for the first example, in both examples the test-function class , 5 1 
identified in previous work ( ISO]) for the scalar- valued version fails to work 
for the matrix-valued case. For each of these two examples, we find a valid test- 
function class as a linear-fractional transform of the set of extreme points of 
a normalized matrix-valued Herglotz (positive real part) version of the algebra, 
just as has been done for the scalar- valued case in [28] [28J [30]. Identification of 
these extreme points for the matrix-valued case leads us to draw on results from 
[20j concerning extreme points for a convex cone of matrix quantum probability 
measures (positive matrix-valued measures with total mass equal to the identity 
matrix). The resulting test- function classes are not as explicit as in the scalar- 
valued settings; however, for the Schur class S-jz with 1Z equal to an annulus, we are 
able to use results of McCullough [38] to obtain a more explicit test-function class 
and use the resulting matrix-valued continuous Agler decomposition (the matrix- 
valued analogue of (|1.9[) ) to obtain a variant of McCullough's positive solution of 
the spectral set question for an annulus. 

A criticism of the study of Schur-Agler classes in general is that their intrinsic 
structure is a priori mysterious: after going through the several steps of the defini- 
tion, one does not have any intrinsic characterization of the eventual result. Our 
work in Section Q] (as well as the work in [25J [3D]) counterbalances this concern by 
starting with an intrinsically defined function algebra and identifying it as a Schur- 
Agler class. There are now papers obtaining characterizations of which operator 
algebras have unit balls equal to a Schur-Agler class (see [42] [36]) . Other work [37] 
characterizes families of kernels so that the associated contractive multipliers form 
a test-function Schur-Agler class. It should be of interest to extend these results to 
the matrix-valued setting in the spirit of the present paper. 

The paper is organized as follows. Section [2] presents some preliminary mate- 
rial on test functions, positive kernels, and structured unitary colligation matrices 
needed in the sequel. Section [3] presents the main structure result (including the 
interpolation version as well as a representation-theoretic version) for the general 
matrix- valued test-function Schur-Agler class. Section 0] develops the two illustra- 
tive examples of matrix- valued Schur classes which can be identified as test-function 
Schur-Agler classes. Finally we mention that this paper together with [20] form an 
enhanced version of the second author's dissertation [35] . 



2. Preliminaries 

2.1. Test functions. We assume that we are given two coefficient Hilbert spaces 
Ut and 3^t and a collection ^ of functions ip on the abstract set of points f2 with 
values in the space C{Ut 1 ^t) of bounded linear operators between Ut and J^t- We 
say that is a collection of test functions if it happens that 



sup{||V>(z)|| : i> S < 1 for each zed. 



(2.1) 
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We view $ as a subset of B(fl, B£(UT,yr)) (the space of (bounded) maps from 
f2 into the closed unit ball of bounded linear operators between Ut and 3^r)- We 
topologize B(il, BOUt^t)) with the topology of pointwise weak-* convergence, 
i.e., we view B(£1,B£(Ut ,yT)) as the Cartesian product HnB£(UT,yT) with the 
standard Cartesian product topology). As such B(fl, B£(UT,yr)) is compact by 
Tychonoff's Theorem ([31] Theorem XI. 1.4]), since each fiber S£(Wt,3^t) is com- 
pact by the Banach-Alaoglu Theorem [51] Theorem 3.15]. As a subspace of the 
completely regular space B(Q, B£(Ut, 3^t)) (i-e., B(il,B£(UT,yTj) is Hausdorff 
and any closed set can be separated from a point disjoint from it by a contin- 
uous function), is completely regular in the subspace topology inherited from 
B(Q,B£(UT,yT))- The closure of * in this topology is compact; however we shall 
be more interested in the Stone-Cech compactification vf^ of ^ [3T] Section XI. 8]. 
Then the space Cb(^,£(H,JC)) of bounded continuous functions / from ^ into 
a space £{H,JC) of bounded linear operators between two Hilbert spaces W and 
JC can be identified with the space p, £{T-L,JC)) of continuous functions from 
the Stone-Cech compactification ^ into £(H,JC). An operator- valued version of 
the Riesz representation theorem allows us to identify the dual of Cb{^ , £{1-1, JC)) 
with regular, bounded, weakly countably additive C\(JC, "H)-valued measures on p, 
where we use the notation Ci(/C, H) to denote the trace-class operators from JC to H. 
We note that there are continuous linear functional L in C{^p, £{%, JC)) such that 
allowing points of ^ p \ \& to be part of the support of the corresponding measure 
fiL is essential (see [221 Section 5.2]). 

For each ^) e $ we define the map ev^: Cb{^,£(H,JC)) — > £(JC) by ev^: / — » 
f{ip). A particular element of Cb(^, £{Ut, 3^t)) which will often come up is the 
function E(z) (for each z £ ft) given by 

ev^(E(z))=E(z)(i>):=i>(z). (2.2) 

2.2. Positive operator-valued kernels and their multipliers. Let £ be any 

Hilbert space and suppose that if is a function on x ft with values in £(£). We 
say that if is a positive kernel if the Aronszajn condition 

JY 

(K(zi,Zj)ej,ei)e > for all zi, . . . , z n G fl, e%, . . . , e N G £, N = 1, 2, — 

i.j — l 

(2-3) 

The following equivalent versions of the positive-kernel condition are often used in 
function-theoretic operator theory settings. 

Theorem 2.1. (See e.g. [BJJ Suppose that we are give a function K: O x Q — > 
£{£)■ Then the following are equivalent: 

(1) K is a positive kernel, i.e., condition (|2.3|) holds. 

(2) There is a Hilbert space W{K) consisting of £ -valued functions f such that 
K(-,w)e G W{K) for each w G £1 and e G £ and has the reproducing 
property: 

(/, K (., w)e) n[K) = (f(w),e) e for all f G H(K). 

(3) K has a Kolmogorov decomposition: there is an auxiliary Hilbert space X 
and a function H : X — > £ so that 



K(z,w) = H(z)H(w)*. 



(2.4) 



TEST FUNCTIONS AND TRANSFER-FUNCTION REALIZATION 



7 



In fact one can take X to be the reproducing kernel Hilbert space %{K) 
described in (2) above with H(z) = ev 2 : / t— > f(z). 

Rather than using a positive kernel to construct a reproducing kernel Hilbert 
space as in condition (2) in Theorem 12. 1\ it is also possible to construct a repro- 
ducing kernel Hilbert module as follows. By a Hilbert module over a C*-algebra 03 
we mean a linear space E which is a right module over 03 which is also equipped 
with an 03-valued inner product and satisfies additional compatibility requirements 
with respect to the algebra structure of 03 (see [49j Section 2.1]): 

( v )e: ExE^<S 

which satisfies the usual inner product axioms: 

(1) (\x + fiy,z) = X(x,z) +n{y, z), 

(2) (x-b,y) = (x,y)b, 

(3) (x,y)* = (y,x), 

(4) (x,x) > (as an element of 03), 

(5) (x, x) = implies that x = 0, 

1/2 

(6) E is complete in the norm given by ||x|| = || (x, x)|| a 

for all x, y, z € E, b £ 03 and X,fi € C. (Here we follow the mathematicians '(rather 
than the physicists') convention that inner products are linear in the left slot; this 
departs from the standard usage in the operator-algebra literature.) By modifying 
the construction of H(K) in Theorem 1 2. 1[ one can construct a C*-module, denoted 
as H(K), over the C*-algebra L{£ ) characterized as follows. 

Theorem 2.2. Suppose that K: Q x f2 — > C{£) is a positive kernel as in (|2.3[) . 

Then there is a uniquely determined C* -module H{K) over 03 = C{£) with the 
following properties: 

(1) H(K) consists of C{£) -valued functions onQ, 

(2) for each w € £1, K(-,w) is in H(K) and the span of such elements is dense 
in H{K), and 

(3) for each F £ U[K), 

(F,K(;w)) n(K) =F(w)eL(£). 

Proof. Define an inner product on a pair of kernel elements K(-, w) and K(-, z) by 

(K (•, w), K(-, z)) n{K) = K(z, w) 

and extend by linearity to the space of kernel elements. Mod out by any linear 
combinations having zero self inner product and take the completion to arrive at 
the space H(K) having all the asserted properties. Note that there is a version 
of the Cauchy-Schwarz inequality available (see [49J Lemma 2.5]) which guarantees 
that the point evaluation map ev: / h> f(w) extends to elements of the completion, 
and hence elements of the completion can also be identified as £(£ )-valued functions 
on Q. □ 

It is natural now to take the next step and introduce the notion of C*-corres- 
pondence (see 43] ). Given two C*-algebras 21 and 03, by an (21, 03)-correspondence 
we mean a Hilbert module E over 03 which also carries a left 2l-action x M> a ■ x 
which is a ^-representation of 21 with respect to the 03-valued inner product on E: 

(a ■ x, y) E = (x,a* ■ y) E . 



s 



J. A. BALL AND M.D. GUERRA-HUAMAN 



Given three C*-algebras 21, 23 and £ together with an (21, 23)-correspondence E 
and a (23, (T)-correspondence F, the internal tensor product E ® F of E and F is 
defined to be the (21, ("^-correspondence generated as the Hausdorff completion of 
the span of pure tensors e ® / (e G E and / € i* 1 ) in the C-valued inner product 
given by 

(e ® /, e' ® /'> Bj}F = («e, e%) • /, /% (2.5) 
with left 2l-action given by 

a- (e®/) = (a-e)®/. (2.6) 
It is routine to verify that one then gets the balancing property 

e® (&•/) = (e-6)®/ (2.7) 

for e e E, f e F and 6 G 23. 

We shall need a couple of applications of this internal tensor-product construc- 
tion. The first is as follows. For K an C(£) -valued positive kernel on fi, we view the 
C*-module over 23 constructed in Theorem 12.21 as a (C, £(£) ^correspondence. For 
X another coefficient Hilbert space, let C2(X,£) be the space of Hilbert-Schmidt 
class operators from X into £. Then Ci(X,£ ) has a standard Hilbert-space inner 
product 

(T,T') C2{XiS) =tr(TT'*). 
We also have a left action of the C*-algebra C{£ ) on Ci{X, £) via left multiplication: 

X T = XT for X G £(£), T € C 2 (;r,£) 
and this action gives rise to a ^-representation of C(£ ) on C2(X,£): 

(X ■ T, T')c 2(Xt£) = (XT,T')c 2 (x,e) = tv(XTT'*) = tv(TT'*X) 
= tv(T(X*T')*) = (T, X* ■ T'}c 2{x , £ y 

In this way we may view C2(X,£) as an {C{£ ), C)-correspondence. We may then 
form the internal C*-correspondence tensor-product H(K) ® C 2 (A",£). Explicitly, 
the inner product on pure tensors F ® T (F G H(K), T G C2(X, £) is given by 

(F ® T, F' ® T%( W2 (*,£) = tr ((F, F')« W TT'*) . 

When we evaluate the first factor F in a pure tensor F ® T at a point w in fi, 
we get a tensor of the form 

F(w) ® T e £(f ) ® C 2 (A", £) e< C 2 (Af, £). 

To interpret this tensor product as a C*-correspondence internal tensor product, we 
view C{£ ) as a (£(£ ), £(£ ^-correspondence with inner product (X, X') — X'*X G 
£(£) and left action given by left multiplication: X' ■ X = X'X. The balancing 
property (12.71) then leads to the identification C(£) ® C 2 (A",£) = C 2 (A",£). 

Using a linearity and approximation argument, one can show that in fact ele- 
ments H of H{K) ® C2{X, £) can be viewed as C2(X, £ )-valued functions on f2 such 
that K{-,w)U G H{K)®C 2 (X,£) for each w G O and U G C 2 (Af,£), and the kernel 
element if (•, w)U has the reproducing property 

(G, W )C/)K W ®c 2 (Ar,£) = (GH, U) C2{Xt£) := tr (G(w)U*) . 
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Thus H(K)<g)C 2 {X , U) is a reproducing kernel Hilbert space in the sense of Theorem 
12.11 when we identify the range space £(£) of K as the subspace of C(C 2 (X,£)) 
consisting of left multiplication operators by elements of £■(£)'■ 

X € C{£) ^L x e C{C 2 (X,£)) : L X :T^XT 

and we view C 2 (X,£ ) as a Hilbert space in the inner product 

(T,T') C2(Xi£) := tr (TT'*) . 

In the sequel it will be convenient to use the shorthand notation 

H(K) X :=U(K)®C 2 (X,£). (2.8) 

Note that in this notation, if H(K) is as in Theorem I2.ll then we have H(K) = 
H(K) C . 

Remark 2.3. The space *H{K) X could just as well have been constructed as equal 
to the space T-L{K) ®C 2 (X, C) where the spaces H(K) (defined as in Theorem 
I2.1j) and C 2 (X,C) (the dual version of the Hilbert space X) are viewed as (C,C)- 
correspondences (i.e., as ordinary Hilbert spaces), and the tensor product reduces 
to the standard Hilbert-space tensor product. 

Suppose that we are given two coefficient Hilbert spaces U and y and an C(U, De- 
valued function S on Q. We define the right multiplication operator Rs by 

(Rs(F))(z)=F(z)S(z). 

Thus Rs maps C 2 (U, £)-valued functions on Q to C 2 (U, £)-valued functions on Q. 
Given a positive C(£ )-valued kernel K on f2, it is of interest to determine exactly 
when Rs maps H(K)y boundedly (or contractively) into W(K)u. The answer is 
given by the following theorem. 

Theorem 2.4. Let K be an £(£)-valued positive kernel on f2 and S an C(lA,y)- 
valued function on tt. Then the right multiplication operator Rs is bounded as an 
operator from H(K)y to T-L(K)u with \\Rs\\ < M if and only if the C-valued kernel 

kx,s,K, M (z, «0 := tr [X(w)*(M 2 I u ~ S(w)*S(z))X(z)K(z, w)] (2.9) 
is a positive kernel on Q for each choice of function X: SI — > C 2 (£,U). 

Proof. By rescaling it suffices to consider the case M = 1 and 1 1 Rs \\ < 1 . 
The computation 

(Rsf,K(;w)U) H(K)u = (f(w)S(w),U) C 2 (u , £) 
= tr (f(w)S(w)U*) 
= tr(f(w)(US(w)*)) 

= (f,K(;w)US( W y) H{K)y 

shows that 

(Rs)*'- K{-,w)U ^ K(-,w)US(w)* 
whenever Rs is well defined as an element of £('H(K)y,'H(K)n). As elements of 
the form Ylj=i ^('j z jWj are dense in %(K)u, we see that \\Rs\\ < 1 holds if and 
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only if 



< 



N 



AT 

E 



JV 

E 



holds for all choices of zi, . . . , G fi and f/i, . . . , C/jv € C2(U,£) and AT = 1,2, 

Expanding out self inner products and using the invariance of the trace under cyclic 
permutations converts this condition to 



JV 



0< toiKfazAUjUt-KfazAUjSizjySiziW) 

i,j=l 
N 

= £ ixiUjil-SizjySizJWKfazj)) 

TV 

= ^ tr(X(z,)*(/-5(z,)*5(zO)^(^)^(^,^)) 



where we have set = [7*. This positivity condition holding for all choices 

of zi, . . . , zn € Q, and X(zi), . . . , X(zn) £ C%{£,U) for all N = 1,2,... in turn is 
equivalent to the positivity of the kernel kx,s,K,i on Q, for all choices of X : fi — > 
C 2 (£,«). □ 

We shall also need a characterization of functional Hilbert spaces of the form 
H(K) X . 

Theorem 2.5. Suppose that % is a Hilbert space whose elements are Ci(X^£)- 
valued functions on tt. Then there is an C(£) -valued positive kernel K on fi such 
that % is isometrically equal to H(K)x if and only if 

(1) the point evaluation map ev„: / \-t f(w) defines a bounded operator from 
H into C2{X,£) fo each w g Q, and 

(2) % is a right module over C(X) with the right action of C(X) commuting 
with each point evaluation map ev w : 



ev w (f ■ X) = {ev w f)X or (/ ■ X)(w) = f(w)X for all wen. 



(2.10) 



Proof. By Theorem 12. 1[ from the fact that the point evaluations ev w are bounded, 
we get that H = H(K.) for an C(C2(X, £ ))-valued positive kernel K(z,w) = ev z • 
(&v w )* . The additional condition (12.10)) then implies that Tt(z,w) commutes with 
the right multiplication operators R x ■ T ^ TX on C 2 (X, £) (X 6 C(X)). This 
is enough to force K(z, w) to be a left multiplication operator K.(z,w) = Lk{z,w) 
for a K(z,w) £ C{£). One next verifies that K so constructed is an £(£)-valued 
positive kernel and that we recover % as % = %{K)x- □ 



We shall also have use for a far-reaching generalization of the positive kernels 
discussed so far introduced by Barreto, Bhat, Liebscher, and Skeide in [21] ■ Given 
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two C*-algebras 21 and 03, we say that a function r on SI x SI with values in £(21, 03) 
is a completely positive kernel if 

N 

£ b*r( Zi , ZjMa^bj > (in 33) (2.11) 

ij = l 

for all choices of z%, . . . , z^ G SI, oi, . . . , ajy G 21, &i, . . . , 6jv € 23 for all N — 1,2,.... 
The following characterization of completely positive kernels is the completely pos- 
itive parallel to Theorems 12.11 and 12.21 

Theorem 2.6. (See [24j[T5]-,) Given a function T on SI x SI with values in £(21, 03), 
the following are equivalent: 

(1) r is a completely positive kernel, i.e., condition (|2.11|1 holds. 

(2) There is an (21, ^-correspondence ti(T) whose elements consist of B-valued 
functions f on SI such that K{-,w)[a] G H{T) for each w G SI and a G 21 
and suc/i £/ia£ 

(/,A-(-,«;)[a]) w( r) = (a*-/) (to) 

for all f € 'H(r), a G 21, and to G SI. 

(3) K has a Kolmogorov decomposition of the following form: there is an 
(21, ^-correspondence H and a function H on SI with values in the space 
C{T-L, 03) of adjointable operators from H to 03 so that 

K[z,w)[a] = H(z)Tr(a)H(w)*. 

Here a h->- 7r(a) represents the left $l-action on H: 7r(a)/ = a • / /or / G H. 

In case 03 = £(£) for a Hilbert space £ , then we also have Hilbert space versions of 
conditions (2) and (3): 

(2') There is an (21, C)- correspondence H(T) (i.e., a Hilbert space H(T) equipped 
with a * -representation ir: 2t — > £(H(T)) of^i) whose elements are £ -valued 
functions f on SI such that K(-,w)[a]e G H(T) for each w G Q, a G 21, 
e G £ , and such that 

(f,K(;w)[a]e) nr} = ((a* ■ f) (w), e) £ 

for all f G H(T), a G 21, w G SI. 
(3') There exists a Hilbert space H carrying a * -representation 7r o/2l and there 
exists a function H : SI — > C(H,£) so that 

K(z,w)[a] = H{z)Tr(a)H(w)*. 

Remark 2.7. The positivity condition in Theorem 12 .41 can be equivalently formu- 
lated as the condition that the kernel 

kr,s,K{z, w) = [T(z, w)[I - S(w)*S(z)}, K(z, w)] Ci{£)xC(£) 

be a positive C-valued kernel on S7 for every choice of completely positive kernel 

r: S! x S! — > C(£(U),Ci(£)), 

where the outside bracket 

[•) -]ci(£)x£(£) 

is the duality pairing between the trace-class operators Ci(£) and the bounded 
linear operators £(£)■ 



12 



J. A. BALL AND M.D. GUERRA-HUAMAN 



2.3. ^-unitary colligations. For the transfer-function realization 

S{z) = D + zC(I-zA)- 1 B 

in the operator- valued test-function setting to be developed in the sequel, we shall 
need a more elaborate version of the unitary colligation matrix U = [ g ^ ] which 
we now describe. Given a collection of test functions ^ as in Section 12.11 as de- 
scribed there we view $ as a completely regular topological space. Then the space 
Cfc(^', C(yr)) of bounded £(3^r)-valued functions on ^ is a C*-algebra while the 
space Cb{^ , C(yT Mt)) of continuous £(3^t, ^T)-valued functions is not (unless 
Ut = yr)- However we may view C b {^,C{y T MT)) as a (C 6 (*, , U T ), C & (*, D^r))- 
correspondence, with Cb(^, £(3^r))-valued inner product given by 

((F, F') Cb{ ^ M y TMT)) ) (V) :=F'^)*F{ip). 

If A" is a Hilbert space carrying a ^-representation p of Cb^, £(3^r)), then we 
may view X as a (Cb(^, £(}-¥)), C) correspondence (with the representation p pro- 
viding the left Cb(^, £(3^r))-action on X) and form the internal tensor product 
Cb(*, C{y T MT)) ® P X. We shall say that a 2 x 2-block unitary matrix U = £] 
is a \& -unitary colligation if U has the form 



"A 5" 




'X' 




'c b (*,£(y T ,u T ))<z> p x 


C D 




u 


— > 


y 



for X equal to a Hilbert space carrying a ^-representation p of Cb(^, £(3^r))- 

A particular element of Cb(\l/, Ctyx Mr)) is the function E(z)*, where E(z) is as 
in (|2.2[) (for a given z g 57). Hence the tensor multiplication operator 

L%(z)* ■ x i-> E(z)* <g> x (2.12) 

defines an operator from X to Cb(^, £(yr Mt)) ® pX ', one can verify that its adjoint 
acting on pure tensors is given by 

L E( z y '■ 9® x n- p(E(z)g)x. 

As a consequence we get the identity 

L* E{z yL E(wr x = L* E(zr (E( W )* ®x)=p (E(z)E(w)*) x. (2.13) 

In case 3^t = Ut (the square case), then C b {^ 1 C{yrMT)® P X collapses down to X 
(a consequence of the balancing property (|2.7|) ). and then L K ^ z y can be identified 
with £g/ z )» = p(E(z)). We conclude that the tensor-product construction is exactly 
the technical tool needed to push the square case to the non-square case. This type 
of colligation matrix appears in [8j [2TJ [29] for the square case and in [44] for the 
nonsquare case. 

3. The Schur-Agler class associated with a collection of test 

functions 

Suppose that we are given a collection * of test functions ip: SI — > C(UT,yr) 
satisfying the admissibility condition (|2.1I) . For £ any auxiliary Hilbert space and 
K an C(£ )-valued positive kernel on f2, we say that K is 'f -admissible, written as 
K e JC^(£), if the operator : f(z) M> f(z)ip(z) is contractive from Ti(K)y T to 
H{K)u T I0r eacn i 3 e ^) or equivalently (by Theorem 12 .4[) . if the C- valued kernel 



«0 =tr(XH*(7- VH*V-(2))A(z)^(z, w )) (3.1) 
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is a positive kernel for each choice of X : fi — > Ci{E,Ut) and i/j € We then say 
that the function 5: -> C(jU,y) is in the ^-Schur-Agler class if the 

operator Rg of right multiplication by S is contractive from H{y)y to H(y)u for 
each ^-admissible £(3^)-valued positive kernel X, or equivalently, if the kernel 

k Y ,s !K (z,w)=tr(Y(wy(I-S(w)*S(z))Y(z)K(z,w)) (3.2) 

is a positive C- valued kernel for each choice of Y ; CI —> C^iy ,IX) and K g /C*(3^). 
Our main result on the Schur-Agler class SAy(U, y) is the following. 

Theorem 3.1. Suppose that we are given a collection of test functions 'J satisfying 
condition (|2.1j) and Sq is a function on some subset CIq of SI with values in C(U,y). 
Consider the following conditions: 

(1) Sq can be extended to a function S defined on all of CI such that S € 
SA^ilA, y), i.e., the kernel (|3.2[) is a positive kernel for all choices of 
C{y ,U) -valued functions Y on CIq and all choices of kernels K £ IC^(y). 

(2) So has an Agler decomposition on CIq, i.e., there is a completely positive 
kernel V: Cl x Cl C(C b (^,C(y T )),C(y)) so that 

I - S (z)S (w)* = T(z,w)[I -E(z)E(w)*} (3.3) 

for all z,weCl (where E(z) e C 6 (*, C(U T , 3^r)) «s as in (pT2]l )■ 

(3) There is a Hilbert state space X which carries a * -representation of the 
C* -algebra Cb(ty , £(3^r)) a ^-unitary colligation U ('see Section[ 



U = 



4 5 
C £> 



'C 6 (*,/:(J»r,Wr))® P ^' 

y 



(3.4) 



so i/iai So has the transfer-function realization 

S Q (z) =D + C(I- L^Ur'L^yB (3.5) 

for z £ CIq. 

Then (1) =>• <^> i/dim^r < oo, then also (2) => (1) and hence (1), (2), 
(3) are all equivalent to each other. 

We shall prove (1) => (2) => (3) =>■ (2) and, if dim}^ < oo, then also (2) (1). 

Proof of (1) => (2): Step 1: CIq is a finite subset of CI. 

We define a cone C by 

C ={E: CLqxCIq^ £(y): E(z,w) = F(z, w)[I - E{z)E{wf] for some 
completely positive kernel T : Cl x Cl -> C(C b (^,C(y T )),C{y))}. 

Note that the elements of C can be viewed as matrices with rows and columns 
indexed by the finite set CIq and matrix entries in C(y). Thus we may view C as a 
subset of the linear space V of all such matrices with topology of pointwise weak-* 
convergence. We shall need a few preliminary lemmas. It is easy to verify that C is 
a cone in V. 

Lemma 3.2. The cone C is closed in V. 

Proof of Lemma. Suppose that {E a } is a net of elements of C such that {E a (z, w)} 
converges weak-* to 3(z, w) for each z,w £ CIq. Thus, for each index a there is a 
choice of completely positive kernel T a so that 

E a {z,w) =T a (z,w)[I -E(z)E(w)*}. (3.6) 
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The computation 

T a (z, z)[I] = r a (z, z)[{I - E(z)E(z)*) 1 / 2 (7 - E(z)E(w)*)- 1 (7 - E(z)E(z)*) 1 / 2 ] 



< r a (z,z) 
1 



l-\\E(z)\ 
1 



l-\\E(z)\\ 



(j-e(z)e(z)*) 1 / 2 ( ^p^p ) (i-mmi 1/2 

T a [z,z)[I-E{z)E{z)*] 
E a (z,z) 



shows that 



||r Q (z,z)|| < M z \\E a (z,z)\\ where M z = — 1— (3.7) 

where we used here the underlying assumption (|2.1[) for our set of test functions "J/. 
Since the block 2x2 matrix 

Y a {z,z)[I] T a (z,w)[I] 
T a (w,z)[I] T a (w,w)[I] 

is positive semidefinite for each index a and each pair of points z,w € Oo, it follows 
that 

\\T a (z,w)\\ < M z M w \\E a (z,w)\\y 2 \\E a (w,w)\\^ 2 . (3.8) 
Since Qo is finite, we see that ||r a (z, w)\\ is in fact bounded uniformly with respect to 
the indices a and the points z, w in il - Since £(C&( , I>, £(3^)), £O0) i s tne Banach- 
space dual of the projective tensor-product Banach space C\{y) <8> Cb(^ , £0M) 
(see e.g. (52] Theorem IV. 2. 3]), it follows from the Banach-Alaoglu theorem that 
there is a subnet {1^} of {r Q } such that {Tp(z,w)} converges weak-* to some 
T ocl (z,w) € £(Ch(4 r , £(yr)) , £(y)) ■ It is straightforward to verify that the defining 
property (|2.11j) for a completely positive kernel is preserved under such weak-* 
limits; hence is again a completely positive kernel. Moreover, from the fact 
that {E a (z,w)} converges weak-* to E(z,w), we get that the subnet {Hg(z, w)} 
also converges weak-* to E(z,w). Taking limits in the formula (I3.6[) leads us to the 
representation 

E(z,w) =T 00 (z,w)[I-E{z)E(w)*] 
for the limit kernel E(z,w). We conclude that the limit kernel E is again in C as 
wanted. □ 

Lemma 3.3. Suppose that E(z,w) — H(z)H(w)* is a positive C{y)-valued kernel 
on f2o . Then E is in C. 

Proof of Lemma. Let us say that E(z, w) = H(z)H(w)* where H : fi — > C(X, y) for 
some coefficient Hilbert space X. Let ipo be any fixed test function in \E'. It suffices 
to find another coefficient Hilbert space X and a function G: H.q —> C(X <£> yr,y) 
so that 

E(z, w) = G(z) (1% ® (I - M*)Mv)*)) G H*' 
for then we have the needed representation E(z, w) = Tq(z, w)[I — E(z)E(w)*] with 
To given by 

r (z, w)[g) = G(z)(Ix ® g{^))G{w)*, 
Toward this end, choose a unit vector yo in J^r and note that 

Voi 1 ~ ^o(z)i/Jo(w)*)y = 1 - yoipo(z)ipo{w)*yo 
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is invertible (as an element of C) by our underlying assumption (|2.1[) . Moreover we 
have the geometric series representation for the inverse: 

^ oo 

-, — ,,,,,, v = E (vMz)M™)*yo) n (3.9) 

where each term (yQipoiz)'ipo(w)* yo) n is a positive kernel due to the Schur multiplier 
theorem (see e.g. [1H1 Theorem 3.7]). Thus there exist functions g n : CIq — > C{Q n , C) 
so that 

(Voipo(z)ipo(w)*yo) n = g n (z)g n (w)* . 
Then we may rewrite (|3.9p as 



- — irrmri v* = E AW- ( 3 - 10 ) 

1 - y ipo{z)ip {w)*y ^ 



We conclude that 
E(z,w) = H{z)H{w)* 

= H & ( 1 *i (\, ( V* ■ 0- - 1&Mz)Mu)*Vo)Ix) H(w)* 

OO 

= E B(z) (g n (z)g n (w)*(l - vSM*)M«>Yvo)Ix) H{wf 

oo 

= E H(z)g n {z) ((1 - y*Mz)i> Q {w)*y )Ig n ) g n {w)*H{w)* 

n=0 
oo 

= E H(z)(g n (z) <» yj) (/^ ® (7 - VoMV'oH*)) ( 5 „H* ® yo)H(w)* 

n=Q 

= G(z) {I X <g> (7 - Vo(z)V-oH*)) 
where we set 

oo 

G(z) = [ff(z)( 5l (z)®y *) ff(z)( 52 (z)®y *) • • •] , * = 0<L 



□ 

Let us now note that the assertion of the condition (2) in the statement of the 
Theorem is that the kernel E$ {z, w) := 7 — Sq{z)Sq{w)* is in C. As V is a locally 
convex linear topological vector space and C is closed in V, by a standard Hahn- 
Banach separation principle (see [5TJ Theorem 3.49b)]), to show that Eg E C it 
suffices to show: Re L(Sg) > whenever L is a continuous linear functional on V 
such that Re L(H) > for each SeC. 

With this strategy in mind let us suppose that L is a continuous linear functional 
on V such that Re L(S) > for each S g C. We then define Li on V by 



L 1 (H) = i(L(S)+L(HV)) 



where we set 

E v (z,w) = E(w,z)*. 

Easy properties are that 

Li(S) =ReL(S) if S v = S. (3.11) 
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For e > be an arbitrarily small but positive number, we use the functional Li 
to define an inner product on the space "Hli ,e of functions / : Qq — > y by 

(f,g)n Llc = U(A f , g )+e 2 £ tr (A f , a (w,w)) 

where we have set 

A f , g (z,w) = f(z)g(wy. (3.12) 

By Lemma [3.31 we know that Afj € C and hence Re h(Afj) > 0. Since Afj = 
j, as a consequence of p. lip we know that ReL(A/j) = Li(A/j). From 
these observations it follows that (•, -)-u h is a positive semidefinite inner product. 
Hence we can take the Hausdorff completion of Hl 1)£ to arrive at a Hilbert space, 
still denoted as %Li,e- 

For X a coefficient Hilbert space, we shall be interested in the space %Li,e <8> 
C2(X, C). The following lemma is crucial. 

Lemma 3.4. The space Wh lt e®C2(X,C) can be identified with the space (rli lt e)x 
consisting of C2(X ,y) -valued functions f on VL with inner product given by 

(f,9)-H, 1:C ) x = L 1 (A / , 4 ,) + e a £ tr(A Lg (w,w)) (3.13) 

where A j i9 has the same form as in (|3.12l) (but where now the middle space is X 
rather than C ): 

A f , g (z,w) = f(z)g(w)*. 

Proof of lemma. For convenience of notation we drop the e-term in the inner prod- 
uct as the e > case proceeds in the same way but with more cumbersome notation. 
For f®x* a pure tensor in &C%(X.C) (so / e and i£l~ £(C, X)) and 
similarly for /' ® x'* , we have 

(f®x*, f ®x'*) Hhi ^ C2(X:C) = ((fJ')u Ll x*, x'*) C2{x c) 

= U(A fJ ,)x*x>* =L 1 (A / , / ,xV) 

where the last step follows since x*x' is just a complex number. Next observe that 

A fJ ,(z,w)x*x = f(z)f'(wy(x*x') = f{z)(x*x')f'{wf 

= if{z)x*) (f(w)x'*)* = A f . x ,j, x „(z,w). 

By extending this calculation to linear combinations of pure tensors, the result 
follows. □ 

With the formulation of the space (^Li.e)^ in hand, it makes sense to ask 
whether the right multiplication operator : f(z) i— > f(z) , ip(z) defines a con- 
traction operator from ('Hi Jlte )y T to ("Hli.c)^ • The answer is given by the next 
lemma. 

Lemma 3.5. For each test function tf> € ^ , the right multiplication operator 
defines a contraction operator form (T-Li, lt e)y to (^Li,e)^ T - 

Proof of Lemma. R^ is contractive if and only if 

ll/llkx.eW-H^/IICK^^ 
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for all / £ ('H.TL 1 ,e)y ■ This translates to the condition that 

for all such /. Observe that 

A fJ (z, w) ~ A fi)Jil (z, w) = f(z)(I - ^(z)^(w)*)f(wy 

from which we see that the kernel H := Afj — Af^j^ is in the cone C: note that 
the kernel r(z,u>)[g] = f(z)g(ip)f(w)* is completely positive since its Kolmogorov 
decomposition (condition (3') in Theorem I2.6[) is exhibited. Thus Re L(3) > 0, 
and hence, since 2 = S v , also Li(3) > 0. The e-term is also nonnegative since 
|| "0(^)11 < 1 for each w £ tto. It now follows that \\R$\\ < 1 as asserted. □ 

To make use of the hypothesis that S £ SAy (U,y), we need to convert the space 
%Li,e to a reproducing kernel space. This is done as follows; it is at this point that 
we make use of the e-regularization of the "Hli -inner product. 

Lemma 3.6. The space ('Hh 1 .e)y is isometrically equal to a reproducing kernel 
Hilbert spaces H(K)y for a positive kernel K £ K,^{y). 

Proof of lemma. We wish to apply Theorem 12 .51 with E and X equal to y and with 
Slo equal to ft. To this end, we note that elements of ('Hi Jlt e)y are C2(3^)-valued 
functions, at least on the dense set before the Hausdorff-completion step is carried 
out in the construction of the space. However, the presence of the term with 
the e 2 factor in the definition of the (H^^y-inaer product guarantees that the 
point-evaluation map ev ffi : (Hi. lt e)y ~^ is bounded with norm at most 1/e. 

Hence condition (1) in Theorem 12.51 is verified. Condition (2) is straightforward 
since {%TL lt e)y is itself a tensor-product space WjL 1>e ®Ci(y, C). We conclude that 
(%U,e);y is isometrically equal to a reproducing kernel Hilbert space H(K)y for a 
uniquely determined £(3^)-valued positive kernel K. 

Finally we must verify that K is ^-admissible. But this is an immediate conse- 
quence of Lemma 13.51 □ 

To conclude the proof of Step 1 (the case where f2o if finite), we proceed as 
follows. Let K be the positive kernel identified in Lemma \3. 61 Since K £ K,-q/(y), 
we use the assumption that S is in the Schur-Agler class SA^(U,y) to conclude 
that the operator Rs of right multiplication by S is contractive from %{K)y to 
H(K)u- As Lemma 1531 also tells us that H(K)y is isometrically equal to {%hi,e)y, 
trivially we can also say that Rs is contractive from (Hh lze )y to (%JLi,«) w - The 
criterion for this to be the case is that 

11/11(7*.,..)* - W R sff(H H „)u > for all / £ (H u , e ) y , 
or, equivalent ly 

Li (A fJ - A fSoJSo ) + e 2 Y, tr ( A /,/K «0 ~ &fSoJS (w, tu)) > for all /, 

where Afj(z,w) — Afs js (z,w) = f(z) T E.s( z , w )f(w)*. In particular, taking 
f(z) — P n for all z £ D,q where {P n } is an increasing sequence of finite-rank 
orthogonal projections converging strongly to the identity operator Iy gives us 

Li(P n S So P n ) + e 2 tT(P n 3 So (z,z)P n ) > 0. 

z£ilo 
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As this holds for all e > 0, we may take the limit as e — > (while holding n fixed) 
to get 

U(P n E So P n ) > (3.14) 
for all n. By the weak-* continuity of Li we have that 

lim L!(P n S So P n ) =Li(H So ). 

n— ► oo 

Taking limits in (13. 14)) then gives us Li(Ss ) > 0. As Ss = , this gives us 
finally Re L(Sg ) > as required, and we conclude that Sq € C as wanted. This 
concludes the proof of Step 1. 

Step 2: fio is not necessarily finite. 

We now remove that assumption that flo is finite. It is now understood how this 
step is efficiently handled as an application of the Kurosh Theorem (see [2"T[ 129) ). 
By Step 1, we know that for each finite subset ftp of f2, there is an associated 
completely positive kernel Tp (not necessarily uniquely determined) so that the 
Aglcr decomposition 

E So {z,w) := I - S (z)S (w)* =Tn F (z, w)[I - E(z)E(w)*] (3.15) 

holds for all z,w £ flp. To set up the Kurosh Theorem, for each finite subset 
£If C f2, we let $n F denote the collection 

®n F — {S: 5 completely positive kernel such that (13. 15)) holds for z,w £ Qf}- 

By applying the argument used in the proof of Lemma l3.2[ one can see that $n F is 
compact in the pointwise weak-* convergence topology inherited from the space of 
C(C b {^,C(yT)),C(y))-va\ued functions on tl x £1 The Kurosh Theorem (see QTJ 
page 75]) tells us that, for each finite subset Of of fi, there is a choice of completely 
positive kernel Tn F for which (13. 15)) holds on flp such that, in addition, whenever 
Oj?,nF' are two subsets of Q, with Up c Qf', then Tq f , \n FX n F = ^n F - We may 
then define a completely positive kernel T on all of f2 x fi by 

r(z, w) — Tq f (z, w) where flp finite, z,w G Oj?. 

The construction guarantees that T is well defined and the fact that each Tq f is 
completely positive on ftp guarantees that T is completely positive as a kernel on 
all of fi. We have now completed the proof of (1) (2) in Theorem 13. II □ 

Proof of (2) => (3). We are given a completely positive kernel T on fio so that Q3.3)) 
holds for z,w £ fio- By condition (3') in Theorem 12.61 T has a decomposition of 
the form 

r(z,w)[g} = H(z)p(g)H(wy 

where H : Hq — > C(X,y) for an auxiliary Hilbert space X which also carries a 
*-representation p of the C*-algebra Cb(^, £(3^r))- From (|3.3p we then deduce 

/ - S (z)S {w)* = T(z, w)[I - E(z)E(w)*} 

= H(z)p(I - E(z)E(w)*)H(w)* 

= H{z)H{wf - H(z)L* nzr L E{w) ,H(wy 

where we use (|2.13p . This in turn can be rearranged as 

H{z)L* nz yL nwr H(w)* +1 = H(z)H(w)* + S (z)So(w)* 
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which leads to the inner product identity 

(L S ( w yH(w)*y w ,LM( z )*H(z)*y z ) Cb (y,c(yT,UT)®x + {Vw,y z )y 
= (H(w)*y w ,H(z)*y z x) + (S (w)*y w , S (z)*y z ) u 

for arbitrary y w and y z in y. It then follows that the mapping V given by 



V: 



Lv,(w)'H{w)*y u 

Vw 



H(w)*y u 

So(w)*y-u 



(3.16) 



extends by linearity and continuity to a well-defined isometry from the subspace 



V 



span 
onto the subspace 

n 



L E ( w yH(w)*y u 



y w g y, w g n \ C 



C b {^,C(y T MT))® X) 

y 



span 



H(w)*y u 
S (w)*y u 



: y w G y, w G \ C 





X 


h 


u 



By replacing X with X' = X ® X where X is an infinite-dimensional Hilbert space 
if necessary, we can arrange that the defect spaces [ * ] G V and [ ^ ] 07?. have the 
same dimension. We may also assume that X is equipped with some representation 
p oi Cb{^! t C{yr)) and hence X' is equipped with the representation p' = p(Bp. We 
now assume that all this has been done and drop the prime notation; thus without 
loss of generality we have dim [ y ] T> — dim [ ] 1Z and X is equipped with a 
♦-representation p of Cb(^, £(3^r))- 



We now let Vq be any unitary transformation from 



y 



V onto 



[ ^ ] 9 H and set 



ir 



V®V : 



c b {<s,c{yT,u T ))®x 
y 



Pi 



c 6 (*„c(;Vt,Wt))<»* 



[£] = fte([£]erc). 



We may then write out U* as a block 2 x 2-matrix 



U 



c* 

D* 



c b (^,£(y T ,u T )) 
y 



i x 



y 






X 




u 



ev 



Since U* is an extension of V given by (|3.16[) . we have 



A* 


C*~ 




L E ( w yH{w)*y w 




H(w)*y w 


B* 


D* 




y w 




S (w)*y lu 



(3.17) 

yw l^uv" 7 ; yw 

The first row of p,17j) gives 

A*L E(w y*H(w)*y w + C*y w = H(w)*y w . 

Since sup^{||i/;(iu)||} < 1 by the assumption (|2.1[) and since \\A*\\ < 1 as U is 
unitary, we see that / — A*L E ( w y is invertible and, by the arbitrariness of y w G y ', 
we can solve (|3.17p to get 

H{w)* = {I-A*L E(w y)- 1 C\ 
Plugging this into the second row of (|3.17[) then gives 

B*L E(W) ,(I - A*Lk [wY )- 1 C* +D*= S (w)*. 
Taking adjoints and replacing w by z G flo leads to the realization formula (|3.5j) . 
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We actually get a little bit more. The right-hand side of (|3.5[) makes sense for 
z equal to any point in fl. Thus we have actually proved: (2) =>■ (3') where the 
precise statement of (3') is: 

(3') There is a ^-unitary colligation U as in (I3.4[) such that Sq has an extension 
to an C(U,y)-valued function S defined on all of il having the transfer- 
function realization 

S(z) = D + C(I- L^yA^L^yB (3.18) 

for z € fi. 

□ 



Proof of (3) => (2). We assume that we have a transfer- function realization (|3.5p 
and we must produce a completely positive kernel T so that Q3.3P holds. There is a 
natural candidate, namely: 

T(z, w)[g] = C(I - Ll [z) ,A)- l p{g){I - A*L E ( w y,)~ 1 C*. (3.19) 

The candidate is certainly a completely positive kernel since the formula (13. 19)) 
exhibits its Kolmogorov decomposition (condition (3') in Theorem 12 .61 with H{z) — 
C(I — L^ z yA)~ l and n = p). The verification of (I3.3P amounts to the identity 

I-S {z)S {wf = C(J-i£ w .A)- 1 p(/-E(2)E(w)*)(-f-A*L E («;)*)- 1 C*. (3.20) 
Using the realization formula (|3.5[) for So (z) and the relations 

AA* + BB* = 7, AC* + BD* = 0, CC* + DD* = I 
coming out of the coisometric property UU* = I of U then give us 

I - S Q (z)S (w)* 

= I-[D + C(I- L^yA^L^yB^D* + B*L E(w y (I - A* L^y)-^*] 
= I-DD*- C(I - L* nzr A)- x L* nzr BD* - DB*L K{w) ,(I - i'V,,)-^' 
- C{I - L^ z yA)~ L^ z yBB*L^ w y(I - A*L^ w y)" C* 
= CC* + C(I - L^yA^L^yAC* + CA*L E(w y(I - A*L nw y)~ l C* 

+ C(I - Ll^.A^Ll^.iAA* - I)L E(w y{I - A*L ti ( w yY 1 C* 
= C(I - L^{ z yA)~ 1 X(I - ^LewO^C* (3.21) 
where we have set X equal to 

X = (I - L* E(Z) ,A)(I - A*L E(w y) + L* E{z) ,A(I - A*L E(w y) 

+ {I - I J V 1 ( z yA)A*L Vi ( :w y + L E ( z yAA*L E ( w y - L E ( z yL E ( w y 
= I ~ L E ( z yL E ( w y 

= p(I - E(z)E(w)*) (3.22) 

where we used (I2.13[) for the last step. Combining (13.21)) and (|3.22[) gives us (|3.20[) 
as required. □ 

Proof of (B) =>■ (1) if dim yr < oo. We assume that we have an Agler decomposi- 
tion (13.3)) and must show that Sq can be extended to an S defined on all of ft which 
is in the Schur- Agler class SAy(U, y). Toward this end, we note that the proof 
of (2) => (3) really proved (3'), i.e., that So extends to an S defined on all of fi 
given by the realization formula (|3.18p . Therefore the argument behind (3) (2) 
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actually gives us an Agler decomposition p.3j) valid for the extended S which holds 
for z, w in all of fi. In this way we may assume that S is given to us defined on all 
of fl and we are given the completely positive kernel T on all of fl giving rise to the 
Agler decomposition (|3.3I) for S. 

To check that S is in the Schur- Agler class SAy(U,y), we must verify that the 
operator Rs of right multiplication by S is contractive from H(K)y to H(K)u 
for any choice of admissible kernel K £ ICq,(y). Toward this end, we reverse the 
procedure used in the proof of (1) => (2) as follows. 

Given an admissible kernel K £ /C* and given any finite collection of points 
Z\, . . . , zn € fi, we must show that the kernel p.2[) is a positive kernel for all choices 
of functions Y : {zi, . . . , z n } — > C 2 iy MY It suffices to consider the restriction Kg 
of K to the finite set flo = {z\, . . . , 2jy}. Since K E 1&&(y), we know that the 
right multiplication operator R^ is contractive from H(Ko)y T to H(Kq)u t for each 
ifj £ Consider the modified kernel 

K ,e(z, w) = K (z, w) + e 2 ^ S z . w Iy 

where b z%w is the Kronecker delta function equal to 1 for z = w and otherwise. 
Since the values of ip are contractive, we see that R^ is still contractive as an 
operator from 'H{Ko^)y T to ^(ii'o.e)^ for each e > 0. Also, to show that Rs is 
contractive from 'H(Ko)y to 1-L{Kq)u, it is enough to show that R$ is contractive 
from T-L{K 0tt )y to T-L(K ^)u for each e > 0. 

Our next goal is to construct a kernel L £ : Hq x Sl — > C(y) so that 

(f,g)n(K 0sC )= E tr (L e (z,w)f(z)g{w)*) . (3.23) 

To do this, define L(z, w) € C(y) by 

(L e (z,w)u, v) y = (S z u, 5 w v) n{Koe 
where S z is the point-mass function 

8 z {z') = { 1 ifz = Z '' 
I otherwise. 

In terms of the kernel function Kq^, one can verify the block-matrix identity 

[L e (z,w)] ZtW>e a = ([K 0<e (z, w)] z . we n o y 1 ■ 

The fact that R^: T-L{KQ^)y T — > ^(i^o,e)w T is contractive can be equivalently ex- 
pressed as 

tv(L e (z,w)f(z)(I- iP{z)iP(w)*)f(w)*) > for all /: -> C 2 (y T ,y). 

(3.24) 

To show that Rs ■ H(KQ e )y — > H(Ko tt )u is contractive can be expressed in a similar 
way as 

tr (L e (z,w)h(z){I - S(z)S(w)*)h(w)*)> for all h: Q, ^ (^{y). (3.25) 

By assumption we are given an Agler decomposition ()3.3[) for S. The completely 
positive kernel T appearing in (|3.3|) in turn has a Kolmogorov decomposition as in 
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(3') in Theorem 



T(z,w) 



H{z)p{g)H{wy 



(3.26) 



for a ^-representation p: Cb{^ , £(3^r)) ~> C(X). We now use the assumption that 
dim3^ T < oo. This has the effect that C b (*, C(y T )) is a CCR C*-algebra and that 
any representation p of Cb(\l/, £(3^r)) is the direct integral of multiples of irreducible 
representations, where an irreducible representation ttq : C^^, £(3^r)) ^(J^t) 
has the point-evaluation form tto(<?) = g(ipo) for some G ^/3; we refer to [T3] and 
[351 Section 2.3] for fuller discussion. Thus we may assume that there are mutually 
singular measures fioo, fj.%, fj,2, ■ ■ ■ defined on the Borel subsets of the Stone-Cech 
compactification of ^ so that 



p = 00 ■ 7T p 



1 • 7T Ml 8 2 • 7T^ 2 



where 



(5) = /WO >-> <?W0/W on := L^i) = i 2 (^) ® 3^t 
and where in general n ■ -k refers to the n-fold inflation of it: 

Ms) 



(n-n)(g) 



on (U^ n :=®Hk. 

3=1 



Thus we may assume that the representation space A" in p.26[) decomposes as 

00 

r=l 

Therefore the operators H(w)* appearing in (|3.26l) decompose as 

H(w)* 



co\Zi H r (wY 



where each H r (w)* is an operator from y to Ly T (fj, r ) r . This enables us to define 
an operator-valued function H r (w, ip)* of -0 & according to 

H r (w,iP)*y = ((H r (w)*y) 

Then the adjoint H r (z) of H r (z)* is given via an integral formula: 

H r (z):G(4>)^f H r (z,i>)G(ip)d(i r {i>). 



We conclude that the Agler decomposition (|3.3p takes the more detailed form 

/ - S(z)S(w)* = [ H x {z, r/>) (I t 2 ® (7 - ^)V>(™)*)) V0*dA»W0 



r=l 



(3.27) 
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Plugging this into the left-hand side of the desired inequality in (|3.25p and taking 
the integral to the outside gives us the sum over z,w € flo of the following terms: 

/ tr {L e ( z , w )/i(z) J ff 00 (z, v) (ip ® (i - v-MV-M*)) ffooK i>Th(wy)dn oa (i>)+ 

^2 / tr (L 6 (z, w)h(z)H r (z, (/cr ® (/ - ^)V>0)*)) #r(™, i>)*h{w)*) d^ r (xp). 

From (|3.24[) we see that the sum over z,w £ fio of the integrand in each of these 
terms is nonnegative. Hence the sum over z, w of the integrals in nonnegative and 
(13.251) follows as required. □ 

Remark 3.7. The interpolation problem for the class SA^(U,y) can be formu- 
lated as follows: Given a subset fl of Q, and a function Sq: S7 — > C(U,y), give 
necessary and sufficient conditions for the existence of an S € SAq,(U,y) such that 
S | Oo = 5*0. Assuming that dimj^r < oo, one gets a solution criterion (arguably not 
particularly practical at this level of generality) immediately from the equivalence 
(1) (2) in Theorem 13.11 (where we use (2) in the more concrete form p. 271) ): 
the SA^(U,y) -interpolation problem has a solution if and only if there exists a 
matrix-valued function {ib,z) i— > H^(z) on typ x f2o, bounded and measurable in %j) 
for each z, together with a finite measure /i on p, so that 

I - S (z)S (wy = f H^z) (J^ ® (J - iP(z)iP(w)*)) H^w)* dfi(tP) 

for each z,w £ S7o ■ Not so apparent from the way Theorem 13.11 is formulated is 
that condition (1) by itself is also a criterion for solving the interpolation problem. 
Indeed, if we set ^\flo equal to the collection of restricted functions 

*|fio = -Mno:^e*}, (3-28) 

we may view \I/ 1 Oo as itself a collection of test functions generating a Schur-Agler 
class SA^,\Q (U,y) of £(W, J^-valued functions defined only on f2 - The only part 
of the hypothesis that So extends to an S £ SAy used to prove (1) => (2) in 
Theorem 13. II is that then So & SA^,\q . We conclude that we get another criterion 
for solution of the interpolation problem: the SA^ilA, y) -interpolation problem has 
a solution if and only if Sq G SAy\n - Let us say that the subset fCq,(y) of the 
set of admissible kernels IC^(y) is a generating set for JCy(y) if, for each kernel 
K G fC^(y), there is a kernel K° € K,%(~y) such that K is congruent to K° in the 
sense that there is an operator function Y so that K(z,w) — Y \z) K° (z , w)Y (w)* . 
It is easy to check that the kernels of the form (|3.2j) are positive on fio for all Y and 
admissible K if and only if all such kernels are positive when the admissible K is 
restricted to those coming from the generating set K,%(y). Hence we arrive at the 
following dual criterion for solution of the SA^iU, ^-interpolation problem: the 
SA^iJA^y) -interpolation problem has a solution if and only if the kernel 

k(z,w) = tr (Y(w)*(I - S (w)*S (z))Y(z)K°(z, w)) 

is a positive kernel on flo for all Y : Oq — ► C2{y,U) f or a ^ admissible kernels K from 
the generating set fC%(y). We illustrate these ideas on the examples discussed in 
Section U below. This duality pairing between admissible kernels and test functions 
is central to the operator-algebra point of view of Paulsen and Solazzo toward 
interpolation theory (see [35"1 1351 H7] ) . 
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There is also an operator-algebra point of view toward the Schur-Agler class. 
For convenience in the following discussion, we take all the coefficient spaces U, y, 
Ut, and J^r to be the same space U although this probably is not essential. We 
abbreviate the notation SA^(U,U) to SA^(U). Let ^l^o be as in (|3.28[) and let 
H^,q o (U) denote the space of all £(U)-v&\ued functions So on the subset fio of fl 
such that there exists a positive M < oo so that the kernel kx,s ,K,M given by (|2.9j) 
is a positive kernel on fio for all choices of X : £Iq —> C%{£, U) and for all choices 
of K for which the kernel ky,ip,K,i is positive for all choices of Y: ilo — >■ C2(U) and 
ip £ \I r , or, what is the same, such that the right multiplication operator R$ has 
norm at most M as an operator on H(K)u for all positive kernels K for which 
Ft,/, has norm at most 1 on 7i{K)u for all tp £ ^ . We dehne the if^^-norm 
||<S'||ff~ n as the infimum of all such positive numbers M. Then H^ no (U) is an 
operator algebra with unit ball equal to the Schur-Agler class SA^^iU). The 
following representation-theoretic characterization of the Schur-Agler class will be 
convenient in Section |4 . 1 1 below . 

Theorem 3.8. Suppose that "J" , fi C f2, and Sq are as in Theorem \3.1\ with 
hi = y = Ut = 3^r- I n addition to conditions (1), (2), (3) in Theorem \3.1[ 
consider: 

(4) For any representation 7r: H^q o (U) — > C(JC) such that \\tt(iP)\\ < 1 for all 
ijj £ ^ , it also holds that ||7r(5o)|| < 1- 
Then (4) =>■ (1). IfdimU < oo, then also (2) => (4) and (1), (2), (3), and (4) are 
all equivalent. 

Proof. Assume (4) holds and suppose that K £ K.^\q (U) is an admissible kernel. 
We now view the map n K : H™, Qo (U) -> C(H{K) U ) sending G £ H™, no (U) to 
the right multiplication operator R@ on %{K)u as a representation (technically, 
an anti-representation, but this does not affect the final results). By definition of 
K £ JC<s/\q (U), we have 7Tr;(^)|| < 1 for each %/)£"$?. Condition (4) then tells us 
that 7r(iSo)|| < 1, i.e., Rs on T-L{K)u has norm at most 1. In this way we have 
verified condition (1). 

Conversely, we suppose dim^T = dimW < oo and that condition (2) holds. As in 
the proof of (2) =>■ (1) we see that (2) can be written in the more explicit form (|3.27|) . 
Given any £(W)-valued kernel K.(z,w) with a factorization K(z,w) = F(z)G(w)* 
with F,G £ Hy, Ua (U), we use the hereditary functional calculus to extend a given 
representation it of H^q (U) to such kernels according to the rule 

tt(F{z)G{w)*) = tt(F)tt(G)* . 

Applying n to (|3.27p (and using continuity to push 7r past the integral sign) gives 

I - 7r(SoMS )* = [ n(H 0Q (;i>))(I P ®{I-Tr(i>)K(i>)*)7r(H oo (;ip))* d/i QO (i) 

oo . 

+ J2 n(H r (-,1>))(Icr®(I-*(il>Ml>)*))*(H r (-,il>)y dUrty). 
r =l J *f> 

From the fact that ||7r(^>)|| < 1 for each ip £ we read off from this last expression 
that 1177(5*0)11 < 1 as well, i.e., (4) is verified. □ 

Remark 3.9. In the proof of Theorem 13.11 we drew on a lot of ideas which have 
been used in previous versions of this type of result, starting with the seminal 
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paper of Agler [3] and continuing with [3 E21 [TUl [23j E21 [53l HSJ HH E EH [29] as 
well as commutant lifting versions [23l [21] [9j IS] . In particular, the cone separation 
argument in the proof of (1) =>■ (2) and the proof of (2) (3) (the so-called 
lurking- isometry argument) go back to [3]- However there are some new technical 
difficulties in the test-function setting where some new ideas are required in order 
to arrive at the final result; we now discuss some of these. 

In the proof of (1) =>■ (2), the use of the e 2 -perturbation term in the definition of 
the Hlj.c norm is the ploy needed to make the point-evaluations / i— > f{w) bounded 
and enables us to avoid the hypothesis that the set of test functions ^ separates 
the points of any finite subset tip of f2, as used in [27l [29] . 

Our proof of (2) => (1) (with the hypothesis that dim^T < oo) is close to the 
proof of (3) (1) in [29] (for the scalar- valued case) (which actually involves use of 
the representation-theory formulation (4)). These authors make use of the spectral 
theorem for a representation of Cf,(4', C), approximating a general representation p 
by a "simple representation" (approximation of the general integral in (|3.27l) by a 
simple- function integrand) . Thus their proof also makes use of the CCR character 
of Cb(\I / , C), and hence does not appear to extend to the case dim^T = oo. 

4. Algebras arising from test functions 

In this section, rather than starting with a set of test functions "J, we assume that 
we are given a function algebra A and then seek to determine a set of test functions 
^u,y so that the unit ball of the operator-valued version of A, say A® £(U,y) 
where U, y are two coefficient Hilbert spaces, can be identified as the associated 
Schur- Agler class SA^ U y (U ,y). 

The classical example is the Hardy algebra over the unit disk A = H°° (D) . The 
operator- valued version A €5 £(<U,y) has unit ball equal to the classical operator- 
valued Schur class S(U,y), for which we have the now classical result: S £ 
S(U,y) if and only if the associated de Branges-Rovnyak kernel Ks(z,w) = [I — 
S(z)S(w)*]/(l — zw) is a positive kernel on D. If we let Ks(z, w) = H(z)H(w)* be 
the Kolmogorov decomposition of K$, then we arrive at 

/ - S(z)S{w)* = H{z) ((1 - zw)I x ) H{w)* 

which is exactly the Agler decomposition fl3.3[) corresponding to the singleton collec- 
tion of test functions ^ = {4>o} with ipo equal to the coordinate function: ipo{ z ) = z. 
For this case, moving from the scalar- valued case to the matrix- or operator-valued 
case necessitates no change in the choice of test-function set VP. A similar story holds 
for the case of the Schur- Agler class over the polydisk [35] , the Schur- multiplier class 
over the Drury-Arveson space 23 32 . and the Schur- Agler class over more general 
domains in D d with matrix polynomial or analytic defining function [161 [9] . How- 
ever the situation for the case where A is the algebra of bounded analytic functions 
over a finitely connected planar domain TZ, or where A is the constrained Hardy 
algebra over the unit disk (bounded holomorphic functions / on B with the extra 
constraint that /'(0) — 0) is quite different. We discuss each of these in turn. 

4.1. The Schur class over a multiply connected planar domain. We let TZ 

denote a bounded domain (connected, open set) in the complex plane C whose 
boundary consists of m + 1 smooth Jordan curves do, d%, . . . , d m with do denoting 
the boundary of the unbounded component of the complement of TZ in C. We 
let S-ji denote the space of holomorphic functions mapping TZ into the unit disk, 
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and Siz{l4,y) the operator- valued version consisting of holomorphic functions on 
72 with values in the closed unit ball BC(U, y) of bounded linear operators between 
two coefficient Hilbert spaces U and y. In [25] there was identified a collection of 
inner functions {s x : x £ T^}, normalized to have value 1 at a fixed point £o £ do 
and to satisfy s(to) — at a fixed point to £ 72,, having exactly m zeros in 72 (the 
minimal number possible for a single- valued inner function on 72), and indexed by 
x belonging to the 72-torus T-ji := do x d\ x • • • x d m , so that any scalar Schur 
class function s £ S-r has an Agler decomposition ()3.3[) with respect to the family 
= {V-'x : x £ T^} s in (or (I3.27|) specialized to this case): 

1 - s(z)s(w) = / /i x 0) (l-Sx(z)sxH) /i x H<M x )- (4.1) 

In more detail, the functions s x are constructed as follows. Let <f> — {(pi, ■ ■ ■ , </> m } 
be real-valued continuous functions on dlZ such that 



{</>!,..., <M = basis for L 2 ( Wt0 )e[^(w t0 ) + TJ 2 (w t0 )] (4.2) 

where w to is the harmonic measure on dlZ for some fixed point to £ 72 (so /i(fo) = 
j an h{C) &U} tQ (() for /i harmonic on 72 and continuous on 72~), H 2 (oj to ) is the asso- 
ciated Hardy space, and the overline indicates complex conjugation — see e.g. [33) . 
Then given x = (xq, x\, . . . , x m ) £ ffi, there is a unique choice of weights Wq , wf , 
. . . , to^j, each positive with sum equal to 1, so that 

m 

w*4>j(x r ) = for i = 1, . . . , m (4.3) 

r-0 

(see [H Theorem 3.1.17]). Given any x and the associated weights (wq'iu*, . . . , u>* ) 
we associate the probability measure on 972: 

m 

Mx := l/ffiay 

where 8 Xr is the unit point- mass measure at x r . The constraint (|4.3p guarantees 
that the harmonic function 



M*) = / ^(c)d Mx (c) 

(where P Z (C) is the poisson kernel normalized to have Vt (() — 1) has single- valued 
harmonic conjugate. We then define f x (z) to be the unique holomorphic function 
on 72 with 

Re f x (z) = h x (z) and f x (t ) = 1. 

Finally we set 

s x (z) = (4-4) 

Then s x are the inner functions appearing in (|4.1I) . apart from the additional nor- 
malization that s x (Co) = 1 at a fixed Co £ 8q. Then it is shown in 29 that S-n = 
SA<5j u with the collection of test functions taken to be = {s x : x £ T-jz}. 
There it is shown, at least for the annulus case (m — 1), that, with the addi- 
tional normalization s x (Co) = 1 imposed, that is minimal in the sense that no 
nonempty open subset of T-ji can be omitted and still have the decomposition (|4.1[) 
hold for all s £ S-ji- 
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Before explaining the matrix generalization of (|4.4[) . we first recall some ideas 
from [20]. Suppose that we are given a collection 



<t> = 



of ?i vectors in R m . From (p we form the block column vectors 



N 





'4 1 


In 






n 


In 


> 


In := 














> 




<b {1 


In_ 






_4>™ 


In_ 


> 



iNy.N\ rn 



m x 1-column vectors with entries of size N x N). We then say that 



the zero element 



of (C 



NxN\ m 



is in the C* -convex hull of <fi ® In if 



there exist positive semidefmite N x N matrices W\, . . . , W„ with J2r=i W r = In 
so that 



(4.5) 



where we set 



(r) 



w. 



We say that is in the interior of the C* - 



convex hull of (p <S> In if in addition the matrix weights {Wi, . . . , W n } have the 
property that their range spaces {RanWi, . . . , Ran W n } are <f>- constrained weakly 
independent by which we mean: whenever T\,...,T n are N x N complex Hermitian 
matrices with Ran T r C Ran W r for each r — 1 , . . . , n such that 



r=l 



T r = and > </3j(x r )T r = /or i = 1, 



z< follows that T r = /or eacft r = 1, . . . , n. When all this happens, we refer to 
{W\, . . . , W n } as a choice of matrix barycentric coordinates of with respect to <p. 

By way of motivation for these notions, note that, in case N — 1 and all the 
weights Wi = Wi, . . . , W n — w n (now complex numbers) are nonzero (which can 
be arranged simply by discarding appropriate vectors <p^ from the list of vectors 
</>), then = £ M m in the interior of the C*-convex hull of <p <E> I\ = <f> simply 
means that the vector £ M. m is in the interior of the simplex generated by the 
vectors (j)^- 1 ', . . . , <f>^ and that w\, . . . ,w n are the classical barycentric coordinates 
for with respect to the simplex vertices f^ 1 - 1 , . . . , <fy- m \ 

We are now ready to explain the matrix analogue of the 7?.-torus T-r. used to 
parametrize the set of scalar test functions (|4.4|) . We define the matrix 7?.-torus 
to consist of all pairs (x, w) of the form (x, w) = (x\ ,x n ; W\ , . . . , W n ) where 
x \ , . . . , x n is a set of n distinct points in dlZ such that is in the interior of the 
C*-convex hull of the set of vectors 0(x) ® In, where we set 



0(x) 





(j)l{Xi) 




<Pl(x n ) 








,...,<p(x n ) = 




> 








(pm (^n ) 





(4.6) 
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with ... , <j) m as in (|4.2j) . and with {W\ , . . . , W„} is a choice of matrix barycentric 
coordinates for with respect to </>(x) ® In- In particular, the condition (|4.5p in 
the present context specializes to 

n 

^2</)i(x r )Wr = 0iori = l,...,m. (4.7) 

For the case N = 1, necessarily n = m + 1, after a reindexing the collection of 
points (iro,2i, • ■ • ,x m ) necessarily consists of exactly one point from each bound- 
ary component do, ... , d rn , and the associated scalar weights w x , u>* , . . . , are 
uniquely determined by x. For N > 1, the characterization of is not so explicit; 
nevertheless it is nonempty and is a well-defined metrizable topological space which 
is in one-to-one correspondence with a collection of quantum measures (positive ma- 
trix measures with total mass equal to the identity matrix In) which we define next. 
For additional information we refer to |20j . 

Given (x, w) € T^, we associate a quantum measure /x x , w by 

n 

^ = ^W r 5 Xr if (x,w) = {x 1: ...,x n ; W 1 ,...,W n )€T%. (4.8) 

r=l 

Then a consequence of (|4.7[) is that the matrix-valued harmonic function 

fl*,w(*0 = / P«(C)<J0x,w(C) 

has a single- valued (matrix- valued) harmonic conjugate, and hence there is a unique- 
ly determined holomorphic function F x w on TZ with 

Re F x>w (z) = Hjc tW (z) and F x , w (i ) = -T/v- 

It can be shown that the collection of functions 

{F x , w : (x,w)eT£} (4.9) 

is exactly the set of extreme points for the compact convex set H N (TZ)i of normal- 
ized Herglotz functions over TZ given by 

H N (ll)i = {F:TZ^ C NxN : F holomorphic, Re F(z) > for z G K, F(t ) = I N }. 
Finally, we set 

Sx,wM = (F x , w (z) + J) _1 (^,w(«) - I)- (4-10) 

Note that each S XfV/ (z) is an iV x N matrix inner function on TZ normalized to 
satisfy S(to) — 0. Then in |20j it is shown that any matrix-valued function S in 
the Schur class Sn(C N , C N ) has an Agler decomposition of the form 

I-S(z)S(w)*= [ ff x , w (0)(7-S x>w (z)5 x , w H*) J ff x , w H*di/(x,w) (4.11) 

for appropriate matrix functions H x ^(z) and probability measure v on T^. 

Following the arguments in [29] (adapted to the matrix-valued setting) leads to 
the following identification of the matrix Schur class Sji(C n ) with a matrix- valued 
test-function Schur class SA^n ; the main ingredients of the proof also appear in 
the more involved proof of Theorem 14.41 below. 
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Theorem 4.1. Let be the collection of matrix inner functions 

*£ = {S x , w :(x,w)eir£} (4.12) 

with S'x.w as in (|4.10[) . loii/i £/ie additional normalization S*x.w(Co) = -T/v some 
fixed point (q G 8q. Then the matrix-valued Schur class Sn(C N ) is identical to the 
matrix-valued test-function Schur-Agler class SA^n associated with the collection 

of test functions (as defined by (|3.ip and (|3.2[) ). 

Combined with Theorem 13.11 and Remark 13.71 we arrive at the following dual 
formulations of interpolation criteria for the Nevanlinna-Pick interpolation problem 
for the matrix Schur class over TZ. Before stating the result we need a little more 
background concerning function theory on TZ. There is a standard procedure (see 
e.g.pQ) for introducing m disjoint simple curves 71, ... , 7 m so that TZ\~/ (where we 
set 7 equal to the union 7 = 71 U ■ • • U 7 ?n ) is simply connected. For each cut j r 
we assign some orientation, so that points z not on 7 r but in a sufficiently small 
neighborhood of j r in TZ can be assigned a location of either "to the left" or "to the 
right" . For / a vector- valued function on 1Z and z a point on some 7 r , we let f{z+) 
denote the limit of /(C) as £ approaches z from the right of j r in 7Z, and similarly, 
/(z_) the limit of /(£) as £ approaches z from the left of j r in TZ, whenever these 
limits exist. Given a U = (Ui, . . . , U m ) in U(N) m (m-tuples of unitary N x N 
matrices), we define a Hardy space ff 2 (U) to consist of functions /: TZ — > C N , 
holomorphic on 1Z \ 7, subject to the jump conditions f(z—) = U r f(z + ) for z € 7,. 
for each r = 1, . . . ,m (so ||/(^)|| 2 is continuous and single-valued on 7Z), and so 
that the well-defined integral 

ll/ll^(u)= / ll/(C)l| 2 ^ t0 

is finite. Then the space H 2 (XJ) is a reproducing kernel Hubert space over 7Z (with 
some appropriate convention as to how elements are defined on 7); we denote 
its C ArxAr -valued reproducing kernel function by K v : H 2 (U) = H(K V ). These 
kernels enter into the admissible- kernel formulation of the criterion for the Sr(<C n )- 
interpolation problem to have a solution. 

Theorem 4.2. Suppose that we are given an N x N matrix-valued function Sq on 
the subset TZq oflZ. Then the following are equivalent: 

(1) There is a function S in the Schur class S-ji(C n ) with S\n a — So. 

(2) There is a matrix-valued function ((x,w),z) 1— > -ff x ,w(^) on x TZq, 
bounded and measurable in (x, w) for each z € TZq, together with a finite 
measure v on so that 

I-So(z)S (w)* = [ H x , w {z) (J* xw ® (/- S X)W (z),S x , w H*) ff X)W H*cMx,w) 
for all z,w € TZq. 

(3) For each U = (E7i,..., U m ) in U{N) m and for each Y : K a C NxN , the 
kernel 

k(z,w) :=tr(Y(w)*{I - S (w)* S (z))Y(z))K u (z,w)) (4.13) 
is a positive kernel on TZq . 
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Proof. The equivalence of (1) and (2) is a consequence of Theorem 13. 1[ once the 
result of Theorem 14.11 is plugged in. 

The equivalence of (1) and (3) is a consequence of Remark 13.71 once it is verified 
that the set 

:= {A u : U e U{N) m } (4.14) 
is a generating set for the set of admissible kernels K.^,n(C n ). Rather than doing 
this, we observe that a solution criterion for the 5y^7j(C A ')-interpolation problem 
was obtained in [17\ Theorem 1.5] (as a consequence of the lifting theorem from 
[14j). but in a somewhat different, more convoluted form than the form (|4.13|) . If 
one works with right multiplication operators on the space T-L{K u )^n rather than 
with left multiplication operators on a left-side tensoring of the reproducing kernel 
Hilbert space consisting of row- vector functions as is done in [17] , one arrives at 
the solution criterion (|4.13l) as presented here. □ 

Remark 4.3. We note that the scalar-valued case N — 1 of criterion (3) in Theo- 
rem 221 is due to Abrahamse [Tj — note that the extra parameter Y(z) washes out 
in this case. It was later shown by Ball-Clancey [18] that no open subset of the 
kernels K u (U € U(l) m ) can be omitted for the validity of this result. However, for 
the case of the annulus, if one takes the set of interpolation nodes TZq to be finite 
and prespecified, then two kernels suffice [54] . While the Abrahamse result extends 
to the matrix- valued setting for the annulus case (using only scalar- valued kernels), 
McCullough and Paulsen [39] [40] , using the C*-algebra approach to interpolation 
theory, showed that the Fedorov-Vinnikov result fails for the matrix-valued case. 
All this story is reviewed nicely in [26]. We do not address such minimality issues 
here. 

For the case of the annulus (m = 1), by using results of McCullough [38 it is 
possible to obtain a more explicit test-function collection as follows. We take TZ to 
have the concrete form 1Z = A q where 

A q = {zeC: q< \z\ < 1} 

for a number q satisfying < q < 1. It is established in [55] that there is a curve 
t H> (ft of inner functions on A q (constructed from the Ahlfors function for A q 
based at the point ^Jq g A q ) with the following property: for a (U, t) 6 U(N) x T" 
(where Uin) denotes the set of N x N unitary matrices and T™ is the A-torus 
{t=(t u ...,t n ): \tj\ = 1 for l<j< A}), set 

Vti(^) 



and 



Ru, t { z ) = (i N + *uA*W - ®uM)~ l ; 

then, for each (x, w) £ Tj[ there is a choice of invertible N x N matrix X and a 
(U,t) eU(N)x T N so that 

F x , w (z) + F XiW (z)* = X (Ru,t(z) + Ru,t( z T) X * forallzeA q . (4.15) 
We are now ready to introduce a new test-function class for , namely: 

= {®u,t ■■ (U, t) G U{N) x T N }. (4.16) 
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We then have the following result. 

Theorem 4.4. The matrix-valued Schur class over the annulus S Aq (^Z N ) is identi- 
cal to the matrix-valued test-function Schur- Agler class SA^ N where is given 
by (l4~16l) . 

Proof. Suppose first that S £ SAxn ■ Then the right multiplication operator Rs 

A, 

is contractive on T-L(K) c n for each admissible kernel K in IC^ N (C N ). Such kernels 

A, 

include the Fay kernel associated with the Hardy space H 2 (u>t) <S> over A q . This 
observation is enough to conclude that S £ (C ). 

Conversely suppose that S £ S A (C N ). To show that S £ SA^, N (C n ), by 

Aq 

Theorem 13.81 it suffices to show: for any representation tt: H-^ (C ) — > C(JC) 

A, 

such that ||7r($cr,t)ll < 1 f or al1 ( u >t) e U ( N ) x tN > u follows that \\ir(S)\\ < 1. 
By replacing tt with r • n with r < 1 and then taking a limit as r tends to f, 
without loss of generality we may suppose that ||7r(3>£/,t)|| < 1 for each (U,t). Then 
ir(Ru,t) = (I — ""(^tr,*)) -1 ^ + n($u,t)) is a well-defined bounded operator on fC 
such that 

n(Ru,t) + *(Ru,t)* = 2(1 — n^u.t))' 1 (I - n@u,tM$u,t) m ) (I - tt^c/,*)*)" 1 > 0. 

(4.17) 

From (|4.15[) . we see that, for each fixed (x, w) £ , tt (-F x ,w) is a well-defined 
bounded operator on 1C satisfying 

TT (Fx.w) + TT (F x , w )* = {X ® Ijc) (TT^j) + 7T(^ )t )*) (X* <g> I K ) . (4.18) 

From (|4.17p we read off that 7r (F x . w ) has positive real part. We next obtain 7r(5 XiW ) 
as a Cayley transform of tt (-F X)W ): 

tt(5 XiW ) = (7r(F X)W ) + J)" 1 (tt(F XiW ) - 7) . 

From the relation 

/ - 7r(5 x , w ) 7 r(S' X:W )* - 2 (^(F x , w ) + iy 1 (tt(F XiW ) + 7r(F x , w )*) (tt(F x , w )* + iy 1 

combined with (|4.18|) . we see that ||7r(5 x ,w)|| < 1< Finally, since S £ SA q (C N ), 
S has an Agler decomposition as in (|4.11|) . Applying the hereditary functional 
calculus with the representation tt through this integral representation gives 



I - tt{S)tt{S)* = 



/ 7r(ir x , w )(7 - 7r(S , XjW )7r(S' XiW )*)7r(ff XiW )* di/(x, w). 



Since ||7r(S x , w )|| < 1 for each (x,w) £ , we read off from this last expression 
that \\tt(S)\\ < 1 □ 

As a corollary of Theorem 14.41 combined with Theorem 13. 1[ we get the following 
structure theorem for the Schur- Agler class over the annulus A q . To this end we 
introduce the space = (U(N)/U(l) N ) x T^, where here U(l) N is identified 
with unitary diagonal N x N matrices, and the action of U(\) N on U(N) is given 

by 

Ui 



u: U t-t Uu for u 



UN 



£U{\ 
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For ([£/],*) G T j[ , we abuse notation somewhat and set 

$[U],t = $u,tU*. 

Note that $[u],t is well-defined (independent of the choice of representative of the 
coset [[/]). Note that each §[tj],t is normalized to satisfy t (l) = In as well 
as $[(/], t{\/(i) = 0- Furthermore the expression / — <&u >t (z)&u,t(w)* is independent 
of choice of coset representative for [U]. Also it is easily checked that the set of 
admissible kernels /C* associated with a given collection of test functions depends 
on the functions ip G ^ only through the expressions I — ^j{z)^j{w)* . Hence the 
result of Theorem 14.41 can equally well be stated as: 

S£ (C n ) = SA$N (C N ) (4.19) 

q A q 

where we have set 

= (P],*)e$£}. 

Then the following corollary is an immediate consequence of our man theorem on 
the test-function Schur-Agler class, namely Theorem 13. II 

Corollary 4.5. Suppose that S £ S& 9 (C ). Then the following hold: 

(1) 5 has an Agler decomposition of the form 

I-S(z)S(w)* 




H [uht (z) (l X[ult ® (J - 4[t7],t(«)4[n,*H*) ^],tH* di/([E7],i). (4.20) 



(2) There is a representation p of C(T^ , C(C )) on a Hilbert space X and a 
unitary colligation matrix 



'A 


B 




' X ' 




' X ' 


C 


D 






-} 





so that 5 has the transfer-function realization 

S(z) =D + C(I- p(E(«))A)- x p(E(«))B. 

Remark 4.6. An appealing conjecture is that the Agler decomposition (|4.20j) is 
minimal in the sense of 29, Section 5.1] and (301 Section 3.6]. 

4.2. The constrained Schur class over the unit disk. Following [251 [T7], we 
define the constrained Hardy space over the unit disk D to consist of bounded 
analytic functions s on D such that s'(0) = 0. One can check that this is still an 
algebra. In this section we identify a class of test functions vf^ for which the unit 
ball t3(ff°°^ N >< N f the algebra of N x N matrices over Hf° (with norm equal to 
the multiplier norm as multiplication operators on (H 2 ) N ) can best identified as 
the test-function Schur-Agler class SA-$n(C n ). 

The analysis parallels that of Section k~Tl for the Schur class over a finitely con- 
nected planar domain. One first identifies the extreme points for the Herglotz class 
%i consisting of N x N matrix-valued functions F on D satisfying the normal- 
ization F(0) = I together with the side constraint F'(Q) = 0. Such functions are 
exactly the Cayley transforms 

F(z) = (I-S(z))-'(I + S(z)) 

of functions 5 in the closed unit ball B(H^°) NxN of the matrix-valued constrained 
Hardy algebra ^jf°°^ NxN subject to the normalization 5(0) = 0. As is the case 
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for any matrix-valued Herglotz function on D, there is a positive matrix-valued 
measure /i on T so that F has the Herglotz representation 

F{z)= f ^d/x(C). 

JT S, — z 

The constraint that -F(O) = 7jv is equivalent to /x(T) = In', following the termi- 
nology used in Section I4.1[ we then say that fi is an N x N quantum probability 
measure. The constraint that F'(0) equals zero (i.e., that F g T~L\) imposes the 
constraints on the measure /z: 

f'(o) = f C'MO = I CMC) = o. 

JT JT 

Taking real and imaginary part then gives us two real constraints 

f Re C dn(0 = 0, / Im C d/i(C) = 0. (4.21) 

JT JT 

We thus see that the convex set T~Lf (the constrained matrix-valued Herglotz class 
over ID) is afhnely equivalent to the convex set of measures 

Ci = {/i : /i = N x N quantum probability measure such that (14.21)) holds}. 

This convex set of measures is compact in the weak-* topology (viewing complex 
N x N matrix- valued measures as the dual space of C^-valued continuous functions 
on T) and hence, by the Krem-Milman theorem, has extreme points. By the same 
general results from [50] leading to the the identification of the set (|4.9[) of the 
normalized Herglotz class H(lZ)i over the planar domain 1Z, it follows that the 
extreme points of can be described as follows. We let Q N consist of all pairs 
(t,w) where t = (t\, . . . ,t n ) is an n-tuple of points on the unit circle T (with 
1 < n < 3N) and w = (Wi, . . . , W n ) is an n-tuple of N x N matrix weights such 
that the following property holds: = ® Im is in the interior of the C* -convex 
hull of 4>(t) (g> In, where we set 

<Kt) = 

with a choice of matrix barycentric coordinates of with respect to cb(t) ® 7jv equal 
to {Wi, . . . , W n } (refer back to Section |4~T1 for the definition of terms). One conse- 
quence of the definitions is that, for any such (t, w) = (ti, . . . ,t n ; W\, . . . , W n ) in 
Q N , it holds that 

n n 
r— 1 r— 1 

Associated with each (t,w) e <d N is a holomorphic N x A^-matrix function on 
the unit disk given by 

™ i -X- y 

z r z 

r—1 

These functions are holomorphic on B with positive real part, and moreover, as a 
consequence of (|4.22j) . have the property that F^ w (0) — 0. In fact, it can be shown 



Re ii 




Re t n 


Im t\ 


, . . . , 


Im t n 
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that the set of all such functions {-Ft,w : (t, w) G T^} is exactly the set of extreme 
points for the normalized constrained Herglotz class over B, i.e., the class 

(Hi) l N :={F: B -> C NxN : F holomorphic, Rc F{z) > for z £ B, 
F(0)=I N , F'(0)=0}. 

By using Choquet theory it then follows that a general element F of (Hi)i N has 
an integral representation of the form 

F(z) = [ F t , w («)di/(t,w) 
Je N 

for some probability measure on . 

We note that (Hi)i N is exactly the Cay ley transform of the normalized con- 
strained Schur class 

(Sf ) ={S- ° -> <C NxN : S holomorphic, \\S(z)\\ < 1 for z £ B, 

5(0) = 0, S'(0) = 0}, 

i.e., 

S6(5f) »F:= (7-5)- 1 (/ + 5)e 

F g (Hf ) /N ^ S := (F + Z)" 1 ^ - J) G (5f) . 

In particular, for each (t,w) G we may define functions St,w G (<5f^)o which in 
turn leads us to the following collection of functions in (<S^ )q: 

*f := {St,w(«) = (*t,w(«) + ^"'(^(z) - 7) : (t, w) G §"}. (4.23) 

Following the proof of Theorem 5.4 in [20] (the parallel result for the matrix Schur 
class over a planar domain 1Z in place of 5f ) then leads to the integral Agler 
decomposition for the normalized constrained Schur class: given S £ (5^)o there is 
a function ((t, w), z) i— > Ht^{z) on 8 ff xD, bounded and measurable in (t, w) G 
/or eac/i fixed z, together with a probability measure v on Q N , so that 

I - S(z)S(w)* = ( H ttW (z) (I - S t .w(z)St.wM*) fl't.wH* di/(t, w). (4.24) 
Je N 

If 5 is in the strict constrained Schur class (5 € B(H^) NxN with ||5(0)|| < 1), then 
there is a choice of matrix Mobius transformation on the N x A-matrix ball Ts<o) 
so that Ts(o)[S(z)) is in the normalized constrained Schur class (S^) (see e.g. [20] 
Section 5]. Using this one can see that functions S in the strict but unnormalized 
Schur class := B(H^°) NxN have the continuous Agler decomposition (|4.24j) as 
well. 

Once this Agler decomposition is in hand, by using the same techniques as used in 
the proofs of Theorems l4.ll (adaptations to the matrix- valued setting of arguments 
in [29] and [30]), one can arrive at the following result. 

Theorem 4.7. With tff C (Sf ) o given by (|4.23[) . we have the identity 

B(Hf°) NxN = SA 9 n, 

There is also a dual pair of solution criteria for the interpolation problem for the 
class S± . We first need to introduce the generating set of admissible kernels for the 
class IC^,n(C n ) as follows. For each isometric 2N x 1 matrix, written as [$] with 
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a and /3 equal to N x 1 column vectors satisfying a* a + /3* (3 = 1, we introduce the 
collection of N x TV-matrix kernel functions 

2 2 

(tff )° ={K°' fi (z, w) := (qz + z/3)(a* + 127/3*) + ^=I N : 

1 — zro 

a,/3 € C Arxl , a*a + /T/3 = 1}. (4.25) 
Then we have the following result. 

Theorem 4.8. Suppose that we are given an N x N matrix-valued function Sq on 
the subset Bo of the unit disk B. Then the following are equivalent: 

(1) There is a function S in the restricted Schur class iSf with S\j$ a = So- 

(2) There is a matrix-valued function ((t,w),z) i— > i?t,w(z) on Q N x Bo, 
bounded and measurable in (t,w) for each fixed z G IB>o> together with a 
finite measure v on Q N , so that 

i-s {z)SoH* = I flt.wWfc„®(i-St.wWSt.wW'))flt,wH , ^(t,w). 

Je N 

(3) For each 2N x 1 isometric matrix [^] and for each Y: Bo —> <C NxN , the 
kernel 

k(z,w) = tr(Y(w)*{I- S Q {w)*S Q {z))Y(z))K a ^(z,w)) (4.26) 

(where K a '° is given by (|4.25p ) is a positive kernel on Bo. 

Proof. The proof parallels that of Theorem 14.21 To verify the equivalence of con- 
dition (2) with existence of a solution of the interpolation problem, use Theorem 
14.71 in combination with Theorem 13. II By Rcmark l3.71 the validity of condition (3) 
follows if we can verify that the collection (^f^) given by (14.25[) is a generating 
set for the collection of admissible kernels K $ »(C"). However, rather than doing 
this we use Theorem 1.3 from [17]. As was the case for the Schur class over a 
domain TZ, the form presented there is somewhat different from the form (I4.26|) as 
presented here. However, one can follow the argument in |17j and work with right 
multiplication operators on T-L(K a ^)^N rather than left multiplication operators on 
a left-sided tensor of the coefficient space with a reproducing kernel Hilbert space 
of row-vector functions to arrive at the form (|4.26[) as the solution criterion. □ 

Remark 4.9. As was observed in connection with Corollary 14.51 the Schur- Agler 
class SA^i associated with a collection of test functions depends on the functions 
6 f only through the kernels I — ip(z)ip{w)* . Hence, for 5t, w in the test-function 
class we may define an equivalence relation 5t, w ~ St\w' when there is a unitary 
constant matrix U so that St>,w'(z) = St, w (z)t/. To choose one representative out 
of each equivalence class, we may normalize S € so that 5(1) = In. This 
has the effect of restricting the parameter (t,w) in Q N to those such that 1 is 
one of the points in the set of points t = (1, . . . , t n ) with associated weight W\ 
invertible; in this way we get a new smaller parameter space Q N . Then we have 
B(H^°) NxN = SA^ N where $f = {S t , w : (t,w) € 9 W } is this restricted class of 
test functions. 

For the case N = 1 (the scalar case) , Theorem 14.71 is due to Dritschel-Pickering 
[50] , In this case the parameter space 1 =: can be described in geometric terms 
as consisting of (1) triples of points on the unit circle such that is in the interior 
of the associated triangle, with the weights then being the barycentric coordinates 
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of with respect to this triangle, or (2) a pair of antipodal points on the unit circle 
with weights then necessarily (5,5). When the reduction described in the previous 
paragraph is carried out, one restricts to triples of points t = (1, <2, t^) which include 
1 and there is only one antipodal pair of points (1,-1). These authors also show 
that this space with its natural topology is homeomorphic to the unit sphere. 
They also show that the collection ^\ is a minimal collection of test functions for 
BH^°. Whether vf^ is a minimal collection of test functions for B(H^°) NxN in 
general we leave as an open question. 

As we have seen, there is a dual issue of finding minimal generating sets for 
admissible collections of kernels l&&(C N ), as well as finding small generating sets for 
such /C*(C JV ). In particular, it would be interesting to see a direct proof that (^k) 
in (jlHl) generates JC 9 n and that the set )° in igTgj]) generates /Cqn(C n ). We 
note that the proofs of the interpolation results from [TJ [TH [2H1 E] use the dual 
factorization approach (see [25] for a unified setting); an independent proof of the 
generating property for ( X E , ^)° and (\E , f r )° would mean that Theorem 13.11 gives an 
independent proof of these interpolation results. 

Remark 4.10. An alternative description of is C + z 2 H co . Many of the 
results concerning the space £ff° have been generalized to more general algebras of 
the form C + BH°° where B is a Blaschke product (see e.g. [SO]). We believe that 
the results from [30] are sufficiently flexible to lead to test-function Schur-Agler- 
class characterizations of matrix- valued versions of these more general algebras as 
well. 
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